We investigate the nature of the phase transition in Josephson junctions arranged on a Kagomé lattice. We find that an applied magnetic field corresponding to 1/2 flux quanta per elementary triangle results in a π phase shift in the current phase relation for all bonds, resulting in an XY antiferromagnet. This corresponds to the order-from-disorder selected highly-degenerate coplanar state of the more extensively studied Heisenberg Kagomé antiferromagnet. Using an histogram
The Heisenberg Kagomé antiferromagnet has gained recent attention in its experimentally accessible incarnation SrCr 8-x Ga 4+x O 19 , which has been found to have two-dimensional (2D) Kagomé planes ( Fig. 1 ) of antiferromagnetically-coupled Cr 3+ magnetic ions, separated by more diluted triangular planes [1] . This system of magnetic spins on the Kagomé planes has the distinguishing factor of allowing a classical ground state "entropy" at zero temperature that scales with the number of sites in the lattice [2] . At temperatures of the order of 10 -2 J / k, where J is the coupling energy and k Boltzmann's constant, this 2D Heisenberg Kagomé system is known to select out states with the Heisenberg spins lying in the plane of the lattice via an order-fromdisorder mechanism [3] . At a temperature below this, there is theoretical evidence that quantum and thermal fluctuations further select one of the planar states over the others [4] .
Arrays of Josephson junctions provide experimentally accessible and controllable systems in which to explore phase transitions in 2D classical magnets. Experimental systems consist of photolithographically defined 2D arrays of superconducting "islands" coupled weakly to their nearest neighbors by either a normal metal [5] or insulating [6] barrier. The Josephson junctions thus formed have an energy in zero applied magnetic field proportional to the cosine of the difference of the phase of the superconducting order parameter on the two islands coupled by the junction. The magnetic analogy is then made by considering the phase of each island to be the angle that the corresponding XY spin makes with a defined axis. This system has been used to experimentally and theoretically study [7] the Kosterlitz-Thouless (KT) transition in XY magnets.
An external magnetic field applied perpendicular to the sample does not couple directly to "spins" in the Josephson system as it does in a magnet, but instead introduces into the expression for the coupling energy a phase shift proportional to the line integral of the vector potential between lattice sites, resulting in a Hamiltonian for the system that can be written [8] 
where
and ϕ i is the phase of the i th superconducting island, r A is the vector potential representing the applied magnetic field, E J the Josephson coupling energy hI C / 2e, with I C the critical current of the junction, and Φ o is the flux quantum hc / 2e . The sum is restricted to nearest neighbors. In zero applied magnetic field the effective coupling is ferromagnetic, and results in a KosterlitzThouless phase transition to a low temperature state with power-law correlations. For nonzero perpendicular field, the Hamiltonian of the system and the associated ground states can be quite rich [8] due to the additional periodicity of the Hamiltonian introduced by the vector potential competing with the periodicity of the lattice. However it is clear that bonds with an energy expression involving a π phase shift can be considered to connect two antiferromagneticallycoupled spins. In many lattices, it is not possible for all bonds to be simultaneously antiferromagnetic. We have found, however, that an applied magnetic field producing a flux of Φ o / 2 through an elementary triangle of the Kagomé junction array leads to an antiferromagnetic character for all bonds [9] , and hence a thermodynamically significant ground state entropy [2] . In this paper, we investigate via Monte-Carlo simulations the effects of such a ground-state entropy on the thermodynamic phase transition. We also discuss a particular series of five magnetic fields corresponding to flux quanta per elementary triangle f , also termed frustration, between 1/2 and 0 that result in a sequence of ground states identical apart from a scaling factor, rather than the accommodation of an Abrikosov vortex lattice to the junction array observed in all previously investigated lattices [10] .
We have carried out Monte-Carlo simulations of Josephson junctions arranged on a Kagomé lattice ( Fig. 1 ) defined by the Hamiltonian (1) for magnetic fields corresponding to f=0, 1/8, 1/4, 3/8, and 1/2 and lattices containing up to 432 sites with periodic boundary conditions. We have determined the ground states for these magnetic fields by cooling from the disordered hightemperature phase to a temperature at which the spin structure was stable as a function of Monte Carlo time step, up to an overall rotation of each spin, for which the Hamiltonian (1) is invariant.
The ground state as illustrated by the angle of each spin can be quite complicated, but in terms of bond variables, or gauge-invariant phase differences [11] with each spin in the array, where ⋅⋅⋅ denotes a thermal average, the linearized mean-field equations can be written [13] 
a relation equivalent to the tight-binding Schrodinger equation of an electron on a lattice in uniform applied magnetic field [14] . Since the ground states are non-degenerate (apart from f=1/2), we expect the phase of the order parameter at the i th site to retain its zero-temperature value, but to have a temperature-dependent magnitude. Given the equality of the zero-temperature bond variables, the magnitude η i must be independent of lattice site. Equation (2) can then be solved for the mean-field critical temperature as kT c / E J = 2 cos γ where γ is the magnitude of the (position independent) gauge-invariant phase difference discussed above for each ground state.
These transition temperatures are in agreement with the mean-field results of Lin and Nori [15] derived with a different technique, and are shown in Fig. 2 along with transition temperatures determined from our Monte Carlo simulations to be discussed later.
We have also investigated the phase transition in these applied fields with Monte Carlo simulations of lattices containing up to 432 sites with periodic boundary conditions. For all fields, we find a peak in the heat capacity per site (not shown) that saturates as a function of lattice size, characteristic of a Kosterlitz-Thouless phase transition. The xx component of the spin stiffness tensor, with x along the horizontal direction of Fig. 1 , has been computed using the methods of [16] . The spin stiffness is the curvature of the free energy with respect to the wavevector of a long-wavelength spin wave, and becomes non-zero only in the ordered state. In a KosterlitzThouless phase transition, the temperature-dependent spin stiffness Γ(T ) has a discontinuous jump at the transition temperature from zero to a universal [17] value of 2kT c / π . The spin stiffness normalized to the Josephson coupling energy for the range of applied fields discussed above is shown in Fig. 3 , along with a line of slope 2k / πE J . Due to finite-size effects [18] no discontinuous jump is observed, although the temperature at which a non-zero spin stiffness is first Carlo data points of Fig. 2 for values of f corresponding to ground states with structure much more complicated than that of Fig. 1 . We reiterate here that the monotonic dependence of critical temperature on the frustration f shown in Fig. 2 is indicative of the identical ground-state structure for these particular values of frustration.
We now focus on the case of fully antiferromagnetic bonds (f=1/2), addressing with Monte
Carlo simulation techniques the nature of the phase transition and the degree to which it is affected by the thermodynamically significant ground state degeneracy discussed previously. We find that the low transition temperature necessitates Monte Carlo runs of 10 6 equilibration steps and 5x10 6 averaging steps per site to ensure equilibrium behavior. This was established by examining thermodynamic quantities as well as the symmetry of the energy histograms [21] . The data of
Figs. 4, 5, and 6 are averages of six such statistically independent Monte Carlo runs except for the 300-site data, which is derived from two independent runs. We observe significant finite-size effects in both the spin stiffness (Fig. 5 ) and the heat capacity (not shown). The heat capacity per site was computed using the multiple histogram technique [21] and found to have a temperature dependence similar to that observed previously in Kosterlitz-Thouless phase transitions. The maximum in the heat capacity per site is observed to quickly saturate as a function of the number of sites to a value of 1.32k , somewhat lower than the value of 1.45k obtained recently [22] for a ferromagnetically-coupled square lattice where the validity of the Kosterlitz-Thouless theory has been generally accepted. The temperature of the heat capacity peak extrapolates as a function of lattice size to 0.095E J / k , a factor of 1.2 higher than the transition temperature determined from the cumulant analysis of Fig. 4 . It has been suggested that the heat capacity peak in the ferromagnetically-coupled XY model on a square lattice, observed [22] to occur at 1.18T KT , is to be associated with a breakdown in the dilute-gas approximation for vortex-antivortex pairs rather than a signature of a phase transition. Although in this sense the heat capacity is not a sharp probe of the phase transition, we note that it seems not to be substantially affected by the degeneracy of the low-temperature phase.
To further investigate the antiferromagnetic bond phase transition, we have evaluated the size of the jump in the spin stiffness in order to compare with the universal value determined by Nelson and Kosterlitz [17] . This prediction is universal in the sense that coupling to perturbations such as spin-wave excitations or background potentials do not change the magnitude of the jump in the superfluid density scaled by the transition temperature. As finite size effects prohibit us from directly measuring the magnitude of the jump, we exploit the relation [17] 
between this jump and the exponent η T C ( ) of power-law spin-spin correlations at the critical temperature. At a KT phase transition, the jump in the spin stiffness corresponds to an exponent η of 0.25. We determine the temperature-dependent value of the exponent η from the scaling properties of the magnetization fluctuations (susceptibility) per site with the number of sites considered. Finite-size scaling predicts [22] that the susceptibility per site should be proportional to N −2 η in the temperature range where spin-spin correlations have a power law dependence, with N the number of sites. Figure 6 shows this behavior to be satisfied below the transition, while deviating from such power-law behavior at high temperature. The interpolated value of the correlation exponent η at the critical temperature determined from the cumulant analysis of Fig. 6 is 0.31, in fair agreement with the universal KT value of η = 0.25. In combination with the measured critical temperature (Fig. 4) , this corresponds to a normalized spin stiffness jump of only 0.05 at the transition temperature. This jump, small in comparison with the zero temperature spin stiffness of 0.5, suggests a renormalization of the spin-stiffness below the critical temperature very much stronger than for the other applied fields of Fig. 3 .
The initial decrease of the spin stiffness from its zero-temperature value on increasing temperature should be attributed to a depletion of the superfluid density by the excitation of longwavelength spin-waves [23] . We find this behavior for kT / E J < 0.04 to be accurately described by the relation Γ(T ) / Γ(0) = 1 − kT / 4E J for all magnetic fields studied here. This is in agreement with the ferromagnetic-bond prediction [23] for f=0 ( Γ(0) = E J ), but in disagreement for other values of the frustration f. The measured low-temperature behavior is however consistent with the non-universality expected from a classical system even at low temperatures in that the coupling energy appears in the temperature dependence rather than the zero-temperature spin-stiffness. In contrast to a quantum system, spin-wave modes out to the Brillouin zone boundary continue to be excited for arbitrarily low temperature, and hence the temperature dependence of the spin stiffness is expected to be sensitive to the lattice structure. This continuous trend for a sequence of structurally similar ground states suggests that the large low-temperature rate of depletion of superfluid density in the case of antiferromagnetic bonds is not associated with the degeneracy of the f=1/2 ground state, in agreement with the independence of the spin-wave excitation spectrum on the particular antiferromagnetic ground state [3] . We suggest, however, that the 90% drop in the spin stiffness before undergoing the universal jump at the critical temperature should be associated with the degeneracy of the ground state.
We have confirmed there to be no hysteresis on heating and cooling, and that the system generates thermodynamic quantities identical within our statistical error whether it is cooled from a high temperature or started in a random configuration at the temperature of interest. This suggests that the system does not become trapped in one of the degenerate ground states. It is unclear at this point why such a transition into a manifold of degenerate states should retain the universal value of the jump in the superfluid density.
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